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We report on Raman sideband cooling of 25 Mg + to sympathetically cool the secular modes of motion in a 25 Mg + -
27
Al + two-ion pair to near the three-dimensional (3D) ground state. The evolution of the Fock-state distribution during the cooling process is studied using a rate-equation simulation, and various heating sources that limit the efficiency of 3D sideband cooling in our system are discussed. We characterize the residual energy and heating rates of all of the secular modes of motion and estimate a secular motion time-dilation shift of −(1.9 ± 0.1) × 10 −18 for an 27 Al + clock at a typical clock probe duration of 150 ms. This is a 50-fold reduction in the secular motion time-dilation shift uncertainty in comparison with previous 27 Al + clocks.
PACS numbers: 37.10.Rs, 37.10.Ty
Trapped and laser-cooled ions are useful for many applications in quantum information processing and quantum metrology because of their isolation from the ambient environment and mutual Coulomb interaction [1] [2] [3] [4] [5] [6] . The Coulomb interaction establishes normal modes of motion, called secular modes, which enable information exchange and entanglement between ions. For many operations in quantum information processing and metrology, these secular modes should ideally be prepared in their ground state. For example, in state-of-the-art trapped-ion optical clocks [7] , uncertainty in the Doppler shift due to the residual excitation of these modes is a dominant contribution to the total clock uncertainty [8] [9] [10] .
All trapped-ion optical clocks to date have been operated with the ions' motion near the Doppler cooling limit [7] [8] [9] [10] . For clocks based on quantum-logic spectroscopy of the 1 S 0 ↔ 3 P 0 transition in 27 Al + [11] , the smallest uncertainty has been achieved by performing continuous sympathetic Doppler cooling on the logic ion ( 25 Mg + ) during the clock interrogation [8] . Due to the difficulty of performing accurate temperature measurements of trapped ions near the Doppler cooling limit, the uncertainty of the secular motion temperature was limited to 30 % [8] .
To reduce the secular motion time-dilation shift and its uncertainty, sub-Doppler cooling techniques can be employed [12] [13] [14] [15] [16] [17] . These schemes have not previously been implemented in ion-based clock experiments due to high ambient motional heating rates, the need for extra cooling laser beams, and the difficulty of characterizing the resulting motional state distribution, which can be nonthermal [8, 10, 18] . For example, in sideband cooling, a non-thermal distribution can result from zero-crossings in the cooling transition Rabi rate as a function of the Fock state [19, 20] and from cooling durations insufficient to reach equilibrium. Although sideband cooling can reach extremely low energies, a small non-thermal component of the distribution may contribute more than
FIG. 1: (a) Geometry of laser beams. (b)
25 Mg + energy level diagram (not to scale). Quantum states |F, mF are labeled by the total angular momentum F and the projection along the quantization direction mF . The Raman laser detuning from the transition |↓(↑) ↔ | 2 P 3/2 , F = 3, mF = −3 is approximately 50 GHz and the magnetic field is about 1 G. D, Doppler cooling; R, repumping; RR, red Raman; BR-a, axial blue Raman; BR-t, transverse blue Raman; BR-co, copropagating blue Raman. (Clock) 27 Al + laser beam driving the 1 S0 ↔ 3 P0 clock transition.
90 % of the total energy [21], rendering the temperature measurement technique using motional sideband ratios unsuitable for determining the energy [12, 13] .
Here we demonstrate sympathetic cooling of a 25 Mg + -
27
Al + two-ion pair to the 3D motional ground state with high probability. This is accomplished with Raman sideband cooling, selected for its low cooling limit and experimental convenience. The ion trap used here has motional heating rates less than 12 quanta/s [21], two orders of magnitude lower than those achieved in previous 27 Al + clocks [8] . The evolution of the Fock state distribution during the cooling process is investigated by using rate-equation simulations which is verified by comparison with experimental measurements. The cooling pulse sequence is optimized according to the model. We discuss the various heating mechanisms and the secular motion time-dilation shift uncertainty in this system.
One
25 Mg + and one 27 Al + are trapped simultaneously in a linear Paul trap to form a pair aligned along the trap (z) axis. The energy levels of 25 Mg + and laser beam geometry are shown in Fig. 1 . Mutually orthogonal directions x and y are transverse to z. Along each axis there are two motional modes, the "common" (COM) mode where mode vectors of the two ions are in the same direction and the "stretch" (STR) mode where they are opposed. Our trap is operated with axial mode frequencies of 2.7 MHz (COM) and 4.8 MHz (STR) and transverse mode frequencies in the range of 5 to 7.5 MHz [21]. We begin each experiment with 2 ms of Doppler cooling on the 25 Mg
cycling transition to cool all motional modes close to the Doppler limit and prepare 25 Mg + in |↓ . The subsequent sideband cooling and motional state diagnosis are implemented with stimulated Raman transitions between the |↓ and |↑ ≡ | 2 S 1/2 , F = 2, m F = −2 states. For efficient cooling of all modes, we employ two sets of Raman beams ( Fig. 1 (a) ). The axial (BR-a) and transverse (BR-t) blue Raman beams in combination with the red Raman beam (RR) generate the differential wavevectors to cool the axial and transverse modes of motion respectively. Raman laser beams are transmitted through optical fibers for mode filtering and reduction of beampointing fluctuations [22] . Raman "carrier" pulses denote transitions with no change in motional quanta, while redsideband (RSB) and blue-sideband (BSB) pulses correspond to |↓, n → |↑, n−∆n and |↓, n → |↑, n+∆n transitions respectively, where n is the initial Fock state and ∆n, the order of the sideband transition, represents the number of quanta changed in a single pulse. After a RSB cooling transition, 25 Mg + is in |↑ which is then optically pumped to |↓ by applying a pulse sequence with three pulses that drive the |↑ to | 2 P 3/2 , F = 3, m F = −3 transition, between which are inserted two Raman carrier pulses that drive the | 2 S 1/2 , F = 3, m F = −2 to |↑ transition by applying RR and BR-co simultaneously. The 25 Mg + atomic state is determined at the end of each experiment by collecting photons scattered from the cycling transition and converting the photon count histogram to the transition probability [21] .
In general, when the Lamb-Dicke limit is not rigorously satisfied, resolved sideband cooling becomes complicated due to the presence of Fock-state population "traps" where the Rabi rate of the RSB transition approaches zero [19, 20] . For example, the 1 st order RSB Rabi rate for the z-COM mode (Lamb-Dicke parameter η = 0.18) nearly vanishes for n = 44. Numerical simulations indicate that the 2 nd order RSB pulses are significantly more efficient at reducing populations in high Fock states, depending on the Lamb-Dicke parameter and the time for repumping during each cooling cycle. Multiple 2 nd order RSB cooling pulses are applied before the 1 st order RSB pulses for the two axial modes in our experi- Residual motional excitation can be determined by measuring the ratio of the BSB and RSB transition probabilities [12, 13] . However, this method is accurate only in thermal equilibrium, which is generally not true after sideband cooling [23] . To overcome this problem, we develop a rate equation model to simulate the sideband cooling process. We model the cooling dynamics using the coherent RSB transition probability [24] 
where ∆n is the order of the RSB pulse, Ω n,n+∆n is the Rabi rate for the transition |↓, n + ∆n → |↑, n , γ is the decoherence rate, and t is the pulse duration. Following Ref. [25] , we treat the heating as an interaction with a thermal reservoir. We validate our model by comparing it with experimental data at intermediate times during the cooling sequence. Separate calibrations for the Rabi rates, decoherence rates, and Lamb-Dicke parameters, in combination with the Fock state distributions from our simulation, are used to produce Rabi-oscillation curves of the secular motion along the z direction for a single 25 Mg + with no free parameters. As shown in Fig. 2 , Rabi oscillations from our simulation yield good agreement with experimental data throughout the sideband cooling process. Simulations also reveal the non-thermal distribution after sideband cooling [21] , and indicate the energy of ions after sideband cooling may be underestimated by orders of magnitude in certain situations if it is determined using the BSB-RSB ratio method.
During the sideband cooling process, ions experience recoil from both Raman and repumping pulses. The recoil heating due to Raman beams arises from transitions through the | 2 P 3/2 excited states [26] . The heating rate due to Raman scattering is estimated to be < 10 −4 quanta/µs for each motional mode [21] , both theoretically and via calibration experiments on a single 25 Mg + for a given Raman beam intensity [27] . The Rayleigh scattering rate due to the Raman beams is estimated to be 50 % of the Raman scattering rate [26] . The resulting heating is independent of the frequency difference between Raman beams and all motional modes will heat each time the Raman beams are applied to the ions. For this reason, while the heating rates are small this mechanism contributes significantly to the ions' final energy.
The recoil heating in the repumping sequence is measured by preparing ions in the motional ground state and then applying a carrier pulse followed by a repumping sequence multiple times. This heating scales with η 2 and is about 0.027 quanta per cycle in the z-COM mode. Although this value is relatively large, the effective heating due to repumping needs to be multiplied by the probability of population not in the ground state, which becomes negligible at the end of the sideband cooling process.
Effects of off-resonant coupling to the carrier transition during RSB pulses are discussed in [13] . For an ion in the motional ground state, the probability of motional excitation due to this mechanism scales as 1/ω 2 , where ω is the motional frequency. Another important source of heating results from the combination of spontaneous emission due to Raman beams and the RSB pulses. After a spontaneous decay to |↑ , the RSB pulse will add one motional quantum to the mode addressed. The probability of motional excitation due to this mechanism depends on the RSB pulse duration and scales as 1/η. This mechanism is only present when Raman transitions are used for sideband cooling; optical transitions are immune to this effect. Heating from electric field noise is measured asṅ ≈ 10 quanta/s and 1 quanta/s for the COM and STR modes respectively [21] . The heating due to off-resonant coupling to the BSB transitions is not considered in our simulation because of its relatively small transition rate which scales as η 2 /ω 2 . To experimentally constrain the motional energy after Raman sideband cooling, we focus on Rabi oscillations of RSB transitions to investigate the population not in the ground state. Motivated by the simulation results, we fit our experimental data to a linear combination of two thermal distributions [21] . Simulation results, fits, and experimental data are plotted in Fig. 3 . The mean occupation number,n, extracted from different methods and the energy uncertainties after sideband cooling are shown in insets. The upper bound of this uncertainty is given by the 95 % confidence interval of the fit to the double thermal distribution, which gives the highest energy compared to our simulation and the estimate from single thermal distribution fit. The lower bound is set to zero. We do not claim the double thermal distribution is a complete description of the experimental data, but we think it provides a conservative upper limit on the time-dilation shift due to the secular motion.
To further verify that all motional modes of the 25 Mg + -
27
Al + two-ion pair are cooled close to the zeropoint energy, we compare the Rabi oscillation frequencies of the 27 Al + 1 S 0 ↔ 3 P 0 clock transition in two conditions and show results in Fig. 4(a) . We first operate the clock near the Doppler limit by sympathetic Doppler cooling during the clock interrogation [8] . Since the damping rate from the Doppler cooling is much larger than the Rabi rate of the clock transition, the entire Fock state distribution is averaged over a thermal distribution during a single clock pulse and the Rabi oscillation maintains coherence. In a second experiment we operate the clock by sideband-cooling all motional modes before the clock interrogation pulse. We expect the Rabi rate of the Doppler cooled optical clock (Ω Doppler ) will be 11(2) % smaller than that of the sideband cooled optical clock (Ω sc ) due to the Debye-Waller effect [24] ,
where η p andn p represent the Lamb-Dicke parameter of 27 Al + and the average occupation number at the Doppler limit of motional mode p respectively. The uncertainty of the prediction is due to the uncertainty in the motional energy estimation near the Doppler limit. Experimentally, we observe a 10.5(4) % difference between the two clock operating conditions, which agrees with the theoretical prediction.
After preparing ions in the 3D motional ground state, there is no additional cooling light during the clock interrogation and we can eliminate the associated light shift reported in the previous 27 Al + optical clocks [8] . The average occupation number of the ions in a specific motional mode p during a clock interrogation of duration t i can be expressed as
wheren p,0 is the energy after sideband cooling given in Fig. 3 andṅ p is the heating rate due to the ambient electric field noise. Angle brackets denote an average over the clock interrogation time. A comparison of the secular motion time-dilation shift using sideband cooling here with continuous Doppler cooling from Ref. [8] is shown in Fig. 4(b) . The heating rates of motional modes are the average of measurements spanning several weeks [21] . Using the 2σ uncertainty of our heating rate data to estimate the secular motion time-dilation shift uncertainty, we expect δf /f = −(1.9 ± 0.1) × 10 −18 for a 150 ms clock interrogation time [21] . The overall frequency shift is dominated by the zero-point energy, which can be accurately determined, and the uncertainty is dominated by the energy uncertainty after sideband cooling. This is roughly an order of magnitude reduction in the shift and a factor of 50 reduction in the uncertainty due to secular motion time-dilation in comparison with −(16.3 ± 5.0) × 10 −18 reported in the previous 27 Al + optical clock [8] . Extending the clock interrogation time to 1 s [28] [29] [30] [31] , the fractional time-dilation shift due to secular motion is estimated to be −(5.7 ± 0.3) × 10 −18 . In conclusion, we have sympathetically cooled a 25 Mg + -
Al + two-ion pair to near the 3D motional ground state using stimulated Raman sideband cooling. A rate-equation simulation has been performed to characterize the secular motion energy of the ions in our ion trap, which agrees with experimental data throughout the sideband cooling process. The fractional frequency shift of the 27 Al + 1 S 0 ↔ 3 P 0 clock transition due to secular motion is estimated based on the characterization of ion motion and heating rate measurements. The shift due to secular motion time-dilation is reduced by an order of magnitude while the uncertainty is reduced by a factor of 50 in comparison with the previous 27 Al + optical clock. Our model may benefit other experiments utilizing sideband cooling to design efficient cooling pulse sequences.
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SUPPLEMENTAL MATERIAL The Trap
Our linear Paul trap is made of a 300 µm thick diamond wafer and two titanium endcap electrodes as shown in Fig. 5 . The laser-machined, gold-sputtered diamond wafer has four rf electrodes and two micromotion compensation electrodes. The rf electrodes are diagonally connected on the wafer and driven differentially at 76 MHz to provide the transverse confinement. Two endcap electrodes are mounted about 4 mm from the ions and DC biased to provide the axial confinement. The ion-electrode spacing is 250 µm.
Electronic State Detection
In our experiment, the mean photon counts collected during the detection time of 250 µs from |↓ and |↑ are about 8 and 0.9, respectively, and the two counts histograms overlap significantly as shown in Fig. 6 . The observed histograms in the experiment typically result from the scattered photons from a linear combination of two states and we find that applying a threshold to the photon counts is not sufficient to extract state populations at the 0.1 % level. To extract the probability in |↓ , we use a maximum-likelihood estimation method to analyze our data. Before experiments start, we need two reference histograms, P(k|↓) and P(k|↑), corresponding to the probability of observing k photons in |↓ and |↑ , respectively. We determine reference histograms experimentally by taking fluorescence measurements when the ions are prepared in the states of |↑ or |↓ . The state |↓ is prepared by applying a repumping pulse sequence after Doppler cooling while |↑ is prepared by applying a microwave π pulse from |↓ . During the experiment, we record a series of photon counts {k i } from a particular quantum state |Ψ = √ p |↓ + (1 − p) e iφ |↑ in m measurements, where p denotes the probability in |↓ and φ is the relative phase between |↓ and |↑ . The errors in preparation of |↓ , |↑ and the superposition states are negligible and do not contribute significantly to the determination of the kinetic energy. For a binomial system, the likelihood function is defined as, By maximizing the likelihood function numerically, we can estimate the probability in | ↓ for any histogram observed in the experiments [32] .
Numerical Simulation
In the simulation, we treat a RSB pulse duration as a single time step and deal with the heating of the population in | ↓ and | ↑ after the RSB pulse as separate processes. When a ∆p n -th order RSB cooling pulse of duration t is applied to mode p, the population in |↑ is given by
where P ↑,np is given by Eq. (1) in the main text. During the pulse, ions will heat primarily from the off-resonant carrier transition, and the combination of spontaneous decay and the RSB pulse, which are discussed in the main text. Since we are primarily interested in the final steady state, to include these two mechanisms in our model, we calculate the motional excitation rate from | ↓, n = 0 by solving the optical Bloch equation and only including quantum states | ↓, n = 0 , | ↓, n = 1 , and | ↑, n = 0 .
The heating values are summarized in Table II . This assumption will affect the sideband cooling time constant but not the achievable cooling limit because most of the population is in |↓, n = 0 and |↓, n = 1 at the end of the cooling process. These two mechanisms mainly affect the mode p while the heating for the rest of the motional modes is through Raman and Rayleigh scattering during the pulse. In addition, all modes will experience recoil heating due to the repumping sequence. We include 150 Fock states in each of the motional modes in our simulation. After the repumping sequence, the ion is in |↓ and we apply additional heating to account for the electric field noise heating, which depends on heating rates and the total time spent on both the RSB pulse and the repumping process. Rabi rates are updated after a RSB pulse based on the Fock state distribution of secular modes to account for the Deybe-Waller effect. We make following assumptions in the simulation,
• All the pulses in the cooling and the repumping sequences are perfectly on resonance and applied to the ion for exactly the duration specified.
• The heating due to spontaneous emission followed by the RSB pulses and the off-resonant coupling are the same for all the Fock states.
• The heating due to the scattering of the |↓ state in a repumping sequence is negligible.
• The sideband cooling starts from the theoretical Doppler temperature limit.
• The population in Fock states above n = 150 contribute negligibly to the motional energy and can be excluded from the simulation.
• The 25 Mg + ion stays within the manifold spanned by |↑ , |↓ , and |F = 3, m F = −2 during the cooling process and there is no population leakage to any other states.
These assumptions have been verified either numerically or experimentally to ensure they are valid in this experiment. Care should be taken if these assumptions are violated in other experiments.
Cooling Pulse Optimization
Using the model described above, we explored various optimizations of the cooling sequence. We did not attempt a global optimization of all of the pulse times and frequencies because of the numerous degrees of freedom, which makes it numerically difficult. Instead we used a pulse-by-pulse optimization, where the total number of pulses is fixed and, for each pulse, the optimizer chooses a sideband (1st-order or 2nd-order) and tries to minimize some figure of merit. In a global optimization the figure of merit is the total kinetic energy, but in a pulse-by-pulse optimization this is not a good choice because it tends to target the populations in the low-lying Fock states first, which will be be readily cooled by the subsequent pulses. We tried various figures of merit and found reasonable results by minimizing
which is the total motional energy (in the units of ω p , where ω p is the motional frequency of a secular mode p) lying above the Fock state n p = N − 1, where N is the number of remaining pulses. The reasoning is that the remaining N pulses can ideally transfer all population in the states from n p = N to n p = 1 to the ground state by choosing the proper duration of 1st-order sideband pulses. This optimization was performed for the z-COM mode alone, since that mode is the most problematic in terms of its high Lamb-Dicke parameter and high occupation number at the Doppler limit. The optimization results suggested a pulse sequence with multiple 2 nd order sideband pulses followed by a few 1 st order sideband pulses at the end. However, we found that the total kinetic energy after sideband cooling was not very sensitive to the exact number of 2nd-order sideband pulses. Therefore, the cooling sequence that we chose for our experiment was a compromise between the optimization results and other experimental factors such as the cooling efficiency for the other modes and the ease of parameterizing the cooling sequence in our experimental control system. For a single 25 Mg + , we apply 17 2 nd order RSB pulses followed by 8 1 st order RSB pulses on the axial mode, and 25 1 st order RSB pulses on two transverse modes. For a 25 Mg + -
27
Al + two-ion pair, we apply 15 2 nd order RSB pulses followed by 25 1 st order RSB pulsed on the two axial modes, and 40 1 st order RSB pulses on the transverse modes. The frequency spectra of motional modes before and after the sideband cooling are presented in Fig. 7 .
One important conclusion from this process of optimization was that two pulse sequences may result in very different distributions andn, but yet give very similar results in a typical sideband thermometry experiment. Using 2 nd -order sideband pulses was critical for achiev- ing low kinetic energy in the axial modes with relatively high Lamb-Dicke parameters. While some more improvement in cooling efficiency may be possible by performing a global optimization, we have concluded that the uncertainty in experimentally verifying the residual energy is much greater than the gains that we might achieve.
Ion Motional Energy Estimate
In Fig. 8 (a) , we plot the evolution of the mean Fock state occupation in all six motional modes during the sideband cooling process against the number of cooling pulses applied. For the two axial modes, the different cooling rate occurring around 100 pulses in the figure corresponds to the change from the 2 nd order sideband cooling to the 1 st order sideband cooling. As an example, we show the simulated Fock state distribution of the z-COM mode after sideband cooling in Fig. 8 (b) . Besides the thermal-like distribution for the Fock states n < 3, our simulation shows a plateau probability distribution for Fock states n 5. Although the sum of the probability in the plateau distribution is too small to be observed in the experiment, our simulation indicates it usually contributes more than 90 % of the total kinetic energy. In the z-COM mode, about 95 % of the total energy is in the plateau distribution in the higher Fock states.
To include the energy contribution from this "hidden" population, we fit the simulated Fock state distribution to the linear combination of two thermal distributions to extract the mean occupation numbern h characterizing the energy of the plateau distribution. Givenn h as a fixed parameter, we then fit the RSB Rabi oscillation data shown in Fig. 3 in the main text to the double thermal distribution. Therefore the probability in the specific Fock state P (n) is expressed as
wheren h is derived from the simulation to characterize the energy in the higher Fock states andn l characterizes the energy in the lower Fock states. The probability P th (n|n) represents the population in the Fock state |n of the thermal distribution with the average occupation n and α denotes the weight between the two thermal distributions.
We also consider the effect of the off-resonant carrier transitions in our analysis. The off-resonant transitions cause a small amplitude (< 0.5%), high frequency ( MHz) oscillation in addition to the residual RSB Rabi oscillation. Because both the residual RSB and offresonant carrier transitions have small amplitudes and very different frequencies, the transition probabilities at any given pulse duration can be approximated by the sum of these two effects. However we do not have the timing resolution to resolve the off-resonant transitions. To include this effect in our energy estimate, we first record the laser power as a function of time for the experimental pulses and numerically calculate the off-resonant carrier transition amplitudes. Then we assume the fast oscillations due to off-resonant transitions cause an offset towards higher transition probability and scatter of the experimental data. Therefore, we add this additional offset to our fitting model and represent the scatter as the red region in Fig. 3 in the main text. This effect is significant for the data of the z-COM RSB transition but not the other motional modes. This is due to the adiabaticity arising from the relatively long turn-on and turn-off time of the laser pulses (∼ 100 ns) in comparison with the oscillation frequencies.
The double thermal fit result is plotted in Fig. 8 (b) compared with the simulated population. The leastsquared fit to the Rabi oscillation curves using the double thermal distribution model gives a factor of two to three smaller in χ 2 compared to the single thermal distribution model. The 95 % confidence interval of the fit is used as the estimate of the energy upper bound and the results are shown in Fig. 3 in the main text. A bootstrapping method by re-sampling residuals is also performed to verify the energy upper bound and the results are consistent with that from the least-squares fit [33] . The parameters of all secular modes and the estimates of the occupation number given by different methods are summarized in Table I . The heating rates due to different mechanisms discussed in the paper are shown in Table II . We also list the heating contribution due to different mechanisms from the simulation in Table III .
Heating Rate Measurement
To measure the heating rate of the motion due to the ambient electric field noise, we first sideband-cool the 25 Mg + -
27
Al + two-ion pair close to the motional ground state. Depending on the value of the heating rate, ions then experience 10 to 30 ms of "dark time" without any cooling, such that the ions' motion can heat due to the ambient electric field noise. After the dark time, we measure the ratio of the RSB and the BSB transition probability to estimate the final occupation number of the ion in a specific motional mode and hence the heating rate. This sideband ratio method works well for determining heating rates but not for characterizing ions' energy after sideband cooling because the heating rapidly drives the Fock state distribution towards a thermal distribution [34, 35] . As a check of the constancy of the heating rate, repeated measurements of the heating rate of a specific secular mode were made for about an hour. These measurements were then repeated several times over several weeks to verify the long-term stability of the heating. The average and the standard error of heating rates are used to estimate the secular motion time-dilation shift. The measurements for one of six motional modes is shown in Fig. 9 and the values for all six modes are summarized in Table II .
Shift and Uncertainty Estimate
For ions confined in a linear Paul trap, we must account for the intrinsic micromotion in the transverse secular modes of motion [36] . The contribution of the intrinsic micromotion energy (but not the excess mircomotion energy since it only depends on the trap imperfections) has been included when calculating the time-dilation shift in this paper. To determine the upper bound on the fractional time-dilation shift for a specific mode p at a given clock interrogation pulse duration t i , we use (ṅ p +2σ) values from Table II times t i added with the upper bound of n p,0 from Table I . For the lower bound, we take the mode to be initially in its ground state and use (ṅ p − 2σ) value from Table II times t i for the contribution from heating. The bounds of the time-dilation shift of a specific mode p are given as
where δν p denotes the secular motion time-dilation shift per quantum and n p (t i ) is the calculated average occupation number of the ion secular motion using Eq. 
The time dilation shift uncertainty due to secular motion in terms of the clock interrogation time is represented by the blue region in Fig. 4(b) in the main text. b including the shift due to the intrinsic micromotion in the transverse directions.
c 95% confidence interval. Off-resonant coupling (quanta/pulse) 
